The condition of zero reflection of p-and s-polarized light by a transparent bilayer on an absorbing substrate is derived in the form I g,(XN) I < 1, where g, is a function of the angle of incidence , the refractive indices N. (i = 0,1,2,3) of the system, and the polarization state v (= p or s). As an application, the airSi 3 N 4 -SiO 2 -Si system is considered at two laser wavelengths X = 6328 and 3250 A. The thicknesses of the two films of the bilayer and the unextinguished reflectance are determined as functions of p, and the results appear graphically and in tables. Extinction of the s polarization is accompanied by low overall residual reflectance (e.g., for incident unpolarized light, it is 1.6% for X = 6328 A at P = 45°). On the other hand, suppression of the p polarization at a high incidence angle is accompanied by high s reflectance (e.g. = 96% for X = 3250 A at p = 830). This demonstrates that efficient bilayer reflection polarizers are possible.
Introduction
Antireflection coatings (ARCs) that consist of a stack of two transparent thin films on a transparent (dielectric) substrate at normal incidence are discussed in several reviewsl- 3 and have attracted renewed attention recently.4 6 Transparent bilayer (or double-layer)
ARCs on a dielectric (glass) substrate for the parallel p and perpendicular s polarizations at 450 angle of incidence have been described by Turbadar. 7 In this paper we consider transparent bilayer ARC on an absorbing substrate for the p and s polarizations as a function of the angle of incidence. A new derivation of the bilayer antireflection condition is developed (Sec. II) and is applied to the air-Si 3 N 4 -SiO 2 -Si system at the (He-Ne laser) wavelength X = 6328 A at angles from normal to grazing incidence (Secs. III and IV). For the silicon substrate, the selection of its oxide and nitride films as the ARC materials is most logical and is consistent with the recently reported excellent optical characteristics of such films. 8 9 The same system is also considered at a shorter (He-Cd laser) UV wavelength, X = 3250 A, where Si becomes highly absorbing and behaves like a metal (Sec. V). In this case, antireflection of the p polarization is possible at high angles of incidence and is accompanied by high reflectance (-96%) for the unextinguished s polarization. Therefore, an efficient bilayer reflection polarizer is obtained.
Antireflection Conditions for a Transparent Bilayer on an Absorbing Substrate at Oblique Incidence
The following derivation of the antireflection conditions of p-and s-polarized light by a transparent bilayer-substrate system differs from the often-quoted treatment by Catalan'o analytically, and in that the substrate may be absorbing (e.g., semiconductor or metallic) instead of being dielectric.
We consider the oblique-incidence reflection at an angle 0 of monochromatic light of wavelength X traveling in an ambient (medium 0, usually air) by a system of two transparent thin films (film 1 and film 2) on an absorbing substrate (medium 3). All (bulk and thinfilm) media are assumed to be homogeneous, optically isotropic, linear, and nonmagnetic and are separated by sharp parallel-plane interfaces. The complex-amplitude reflection coefficients of such a system are given byll = role + rl2Xl + rovr12ir23.X2 + r 2 3 VXlX 2 _ = 1 + rojvr 1 2^x l + rl2,r 23 ,X 2 + roj 1 r 2 3 X 1 X 2 where
and rim,, is Fresnel's reflection coefficient of the im interface for the v polarization. (Such coefficients are given elsewhere 12 "1 3 and will not be repeated here.) In Eq. (2), Pj is the normalized thickness of the ith film,
where di is the actual (metric) thickness, Di is the associated film thickness period, < 1, Eq. (13) has two solutions for 0, in the range 0 < 0, < 27r:
(4)
Ni is the refractive index of the ith medium (i = 0,1,2,3 
Equation (5) can be rearranged to read If we substitute
A,, = a,, exp(ja,)
into Eq. (6) and equate the absolute value of both sides to 1, we get
where
(lOc) ala = cos'g,, 0 < 0la < r, 0 1b = 2r -Opa. (16) Other solutions, obtained by adding integral multiples of 27r to 0,, will be ignored. The two solution pairs of the least (0 S Ai < 1, i = 1,2) normalized film thicknesses are where R, is given by Eq. (1). Of course, the extinguished reflectance should be zero, or virtually so (e.g., <10-6), and its calculation serves as a check. If the passed reflectance is also very small (of the order of a few percent or less), the bilayer acts as an efficient overall antireflection stack. On the other hand, if the passed reflectance is high (say >80%), the bilayer becomes an efficient polarizer.
Once
Because the two films are transparent, the interface reflection coefficients rlr l2 v are real (total internal reflection is, of course, excluded), and from Eqs. (7) and (8b) it follows that a -,,= or 7r, 0=or7r. 11
Substitution of Eqs. (11) into Eq. (10c) indicates that
and Eq. (9) simplifies to
Equation (13) 
Equations (7), (8b), (Oa), (lob), and (13) 
IV. p-Polarization-Antireflection Si 3 N 4 -SiO 2
Bilayers on Si at X = 6328 A
The method of Sec. II, which was applied to s-polarization antireflection in Sec. III, is applied in this section to p-polarization antireflection by the same nitrideoxide-silicon system at the same He-Ne laser wavelength X = 6328 A. Figure 5 shows Igp (4)) plotted as a function of 0 from normal (0 = 0) to grazing (4) = 900) incidence. This curve intersects the line Igp I = 1 at three points Q,,Q2, Solution pair b is represented in a similar fashion by Fig. 7. Figures 7(a) and (b) show that (lb,{2b) and (dlb,d2b) vary little with 0 over range I. The latter complex refractive index indicates that Si behaves effectively as a metal, and such a bilayer-substrate system becomes, in general, more highly reflecting.
We find that suppression of the reflection of ppolarized light is possible within a narrow interval of angles, 82.16" < 0 < 84.15", and impossible outside. As 0 increases from its lower (82.16") to its upper (84. 15") limit, the unextinguished reflectance s increases monotonically from 92.73 to 97.78%, so that a highly efficient reflection polarizer is achieved. We now quote the characteristics of one such polarizer operating at 4 
VI. Summary
In this paper we have presented a simple fresh derivation of the conditions of zero reflection of p -and spolarized light by a transpare bilayer on an absorbing substrate with the angle of incidence 0 considered as an independent variable. Prior work was limited to transparent substrates at normal or 45" oblique incidence. We applied our method to the important and Thus excellent overall antireflection at oblique incidence is attainable. On the other hand, zero reflection for the p polarization at a high angle of incidence is accompanied by a high unextinguished reflectance 1Rs. For example, for the same nitride-oxide-silicon system we find that, when Rp = 0, Rs = 91.92% at 4) = 79", X = 6328 A, and SRs = 95.77% at 0 = 83°, X = 3250 A. 
